We show that the first-order differential choice of the charge operator C remains compatible with a fairly broad class of CPT −symmetric Hamiltonians even when we violate both their T −symmetry (i.e., Hermiticity) and PT −symmetry (i.e., parity-pseudo-Hermiticity). We provide an explicit class of such Hamiltonians and embed them in a supersymmetric scheme. A particular example of this class is discussed in order to scrutinize in detail its possible quasi-Hermiticity.
Introduction and Motivation
The majority of the recent studies of non-Hermitian Hamiltonians with real spectra employs the postulate H = PT HPT of PT symmetry, where P denotes parity, while T is time-reversal [1, 2] .
An inseparable part of the appeal of these models is the expectation that the reality of the spectrum proves sufficient for a recovery of a full consistency of the physical interpretation of the theory [3, 4, 5, 6, 7] .
Symmetries and their breakdown
Self-adjointness of the anharmonic-oscillator type
means that we choose g > 0 and a real f , or trivial f = g = 0. Then, in terms of an antilinear involution with the property T 2 = 1 we may write H † ≡ T H T .
This means that the current rule H † = H is equivalent to a certain involutive time-reversal symmetry of our Hamiltonians,
However, Hamiltonians (1) are usually diagonalized by means of perturbation theory, where we usually violate the rule (2) and assume that f and g are complex, lying in a certain domain in the complex plane where the power series in f and/or g converge. In addition the AHO energies E Riemann sheets (consult, e.g., ref. [8] at g = 0). In this respect, this enhances an interest in non-Hermitian models.
Non-self-adjoint PT −symmetric models and possible extensions
The insight gained by the transition to non-Hermitian Hamiltonians seems more than compensated by the mathematical difficulties which it evokes. Still, the lasting absence of the imaginary parts of the energies E (AHO) n (f, g) of all the levels n = 0, 1, . . ..was noticed long ago [9] for the purely imaginary cubic perturbations, while, later, a non-perturbative proof of the reality of the spectrum appeared, in ref. [10] , for certain quartic non-Hermitian AHO models.
All of them share the property H † = P H P = H ,i.e., a "weaker-Hermiticity"
Recently, the emergence of further rigorous proofs of the reality of spectra in power-law models [11, 12] re-confirmed the impact of the concept of the PT symmetry. At the same time, a further weakening of the standard Hermiticity seems to be a natural next step of the study, i.e. to investigate a generic F T symmetry, where F can be assumed to be Hermitian.
which, for F = 1 , becomes Hermiticity and for F = P becomes PT symmetry.
Eq.(4) implies that if H has an eigenvalue E, then E * is also an eigenvalue unless F ψ * = 0, so eigenvalues are either real, or enter in complex conjugate pairs [4] .
One could, generically, construct many operators F which would be, via eq.
(4), compatible with a given Hamiltonian H. Among all the possible choices of these metric operators, a privileged position is occupied by the positive bounded Hermitian ones (i.e., by F = η + > 0 in the extremely convenient notation of ref. [4] ).
The reason is that, in the light of the arguments presented in full detail in the review paper [5] , only the η + −pseudo-Hermiticity is really compatible with the standard probabilistic interpretation of the mean values of the standard quantum operators of the observable quantities. For this reason, the η + −pseudo-Hermiticity also fully deserves to be assigned the special name of the so called quasi-Hermiticity [5] .
2 CPT −symmetric models which are non-selfadjoint and non-PT −symmetric
Breakdown of PT −symmetry
Factorization of the operator F in eq. (4) into the product F ≡ CP, with F = F † , leads us to consider a CPT -symmetric quantum mechanics, where, conventionally, C [7] can be called "charge conjugation" operator. We emphasize that no involutory property like C 2 = 1 will be postulated. Naturally, our interest will be focused on the possibility that CPT -symmetric quantum mechanics violates PT , P, T . We intend to proceed constructively. With this purpose we select the class of the one-body Hamiltonians in one dimension,
and restrict our attention to one of the simplest possible forms of the charge (or rather quasi-charge) operator,
where the requirement of the Hermiticity of its product CP ≡ F = F † with
This condition is equivalent to the postulate of the definite spatial symmetry properties of the
This means that we may contemplate a family of power-law examples with σ(x) = σ n (x) = µ n x 2n and α(x) = α n (x) = ν n x 2n−1 for illustration, with real µ n , ν n and any choice of the index n = 1, 2 . . .
F −pseudo-Hermiticity
Our Hamiltonian H is assumed compatible with the CPT −symmetry condition at any "allowed" product F = CP,
A verification of this condition will be the core of our present construction. It necessitates a direct insertion of C and P and a decomposition of our Hamiltonian in the sum
where the separate components of the complex potential V (x) may be chosen as real and exhibiting definite parities,
This simplifies the form of H † and reduces our main compatibility constraint (6) to the condition of vanishing of the operator H F − F H † . In principle, it should be a linear differential operator of the third order but once we re-write it in the form of a product, [H C − C (PH † P )] P, we immediately see that the coefficients at the third and at the second derivative are identically zero.
A condition of the vanishing of the coefficient at the first derivative remains nontrivial and relates the potentials K and S to the choice of C,
In this way we are left with the condition which connects the two complex functions V (x) and w(x). Its separation into its real and imaginary part proves encouragingly simple and splits into the two ordinary and real differential equa-
Both of them exhibit a correct parity symmetry and, luckily, they also admit an entirely elementary integration,
introducing just a single real integration constant ω. One can rewrite the previous equations supersymmetrically [13] , because it is not difficult to check that H of eq. (7) satisfies, with ω = 0
where F * is the complex conjugate of F . We introduce the super-charges
It is easy to check that Q =Q † , insofar as 
3 Discussion, conclusion and perspectives
Let us now examine in more detail the case n = 1, with σ(x) = µ 1 x 2 , α(x) = ν 1 x. F is not bounded and not positive; however, it is invertible in L 2 (R) and, from eq.(4), one can derive that
Supersymmetrically, one can define new conserved charges
such that
with Q −1 being not the standard inverse operator, but satisfying
with II the identity operator.
While F −1 is a bounded Hermitian operator acting on L 2 (R) [14] , the positivity requirement presents problems, in general; however, evaluation of matrix elements of eq. (15) between eigenstates of the Hermitian operator
where H 1 reads
We can rewrite eq. (20) as 
and, if λ k /λ i < 0, one can argue that the H ik R 's are strongly suppressed for small values of ν 1 . In this case, the two sectors corresponding to positive and negative eigenvalues are expected to be, in practice, dynamically decoupled; thus, F −1 seems to be not too unreasonable as a candidate metric operator, at least for small values of ν 1 .
Coming now to the properties of Hamiltonian (21), one can separate the PT -symmetric and antisymmetric parts as
where
H PT 1
is well controlled from a mathematical point of view, so that our proposal opens a way to study some additional Hamiltonians enriching the class of the recent popular non-Hermitian versions by addition of the non-PT -symmetric Stark-like term.
In general,for all µ, ν ∈ R let H(µ, ν) denote the Schrödinger operator in
